Needle insertion is the most common procedure of minimally invasive interventions. During insertion into a soft tissue, the needle with bevel tip can deflect due to the asymmetric forces acting on the tip of the needle. In this paper, a mechanics-based model is developed to predict the needle deflection. In the model, the needle is considered as a cantilever beam supported by a series of nonlinear springs each of which has stiffness different from each other. The value of stiffness can be calculated by cutting force acting on the needle tip. Based on the model and the analysis of cutting force and friction force, Rayleigh-Ritz method is used to estimate the amount of needle deflection. Experiment shows that the simulation model can accurately predict the deflection of the bevel-tipped needle.
Introduction
Percutaneous needle insertion is one of the most common minimally invasive surgeries which can be used for biopsy, brachytherapy and local drug delivery. However, accurate positioning of the needle is critical. Currently, the bevel-tipped needle is mainly used in clinic, but it is known that a beveled tip is more susceptible to the tissue density. During insertion the needle deflects towards the direction of the bevel due to the asymmetric forces acting on the tip of the needle [1] , which directly affect position accuracy of needle insertion. Therefore, it is very important to establish the needle-tissue interaction model to predict the deflection of needle with beveled tip.
Many efforts have been made to study the needle deflection during needle insertion. In [2] [3] [4] , the needle was modeled based on beam theory to predict the amount of needle deflection. Abolhassan et al. [5] proposed that the needle deflection can be considered as a cantilever beam with a spring support. The stiffness of the support is related to the mechanical properties of soft tissue. In 2007, they proposed to estimates the amount of needle deflection using Euler-Bernoulli beam equations in their "model-based" method [6] . But with their method, in order to compensate the deflection, the needle has to be rotated through 180° when the amount of estimated deflection goes beyond a pre-defined threshold. Roesthuis et al. [7] considered needle as a cantilever beam supported by springs which have needle tissue interaction stiffness evaluated by comparing results from experiments and simulation. But the interaction stiffness was assumed to be constant at each location along the needle shaft. In [8] , Roesthuis et al. presented a mechanics-based model based on Rayleigh-Ritz method. Based on the work by Roesthuis, in [9] , an online evaluation method for load distribution is further proposed to determine the distributed load when the needle is inserted into non-homogenous tissue. H. Sadjadi et al. [10] present a needle deflection estimation method using fusion of two electromagnetic trackers.
Needle-tissue Interaction Forces
When a needle is inserted into a soft tissue, forces will be caused on the needle due to its interaction with the surrounding tissue. As shown in Figure 1 , the interaction forces during insertion into a soft tissue are decomposed of a friction force along the needle shaft ( f F ), a cutting force acting normal to the needle's bevel tip ( c F ) and a friction force along the edge of needle bevel ( t F ).Due to the smaller size of the needle tip relative to the length of the needle shaft, we may ignore the friction force along the needle bevel. The cutting force is considered to be a result from cutting of the tissue at the needle tip [7] , [11] . Furthermore, due to the cutting force and asymmetry of the bevel tip, the needle has to bend, resulting that it is subjected to a resistance force from the tissue ( s F ).
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Cutting Force on the Needle Tip
As the needle tip cuts through a soft tissue, it moves the soft tissue away and takes the place of tissue. The deformation of tissue as the needle tip moves forward caused a triangular distributed load ( ()  ) along the edge of needle tip [12] , shown in Figure 2 . In Figure 2 , d and  are the diameter of the needle and the bevel angle respectively, we define the variable b as:
The triangular load ()  meets the following formula:
where t K is the interaction stiffness of the needle-tissue per unit length
The load ()  along the bevel of needle tip can be simplified to a resultant forces named as cutting force ( c F ) on the b/3 of the edge of bevel tip, which is: 
where l  is the slope of needle tip, and
Friction Force along Needle Shaft
To evaluate the friction force along needle shaft ( f F ), we adopt the method by Roesthuis et al., [7] . The needle inside the tissue is divided into n unit. Each unit considered as rigid straight shaft, on which friction force f is acted. Total friction force components in X-and Y-direction ( fx F and fy F ) is obtained by integration over the insertion depth of needle (p):
Model of Needle-tissue Interaction
During insertion into a soft tissue, the needle can be considered as a cantilever beam supported by a series of spring, as shown in Figure 3 . Taking into account the nonlinearity and imhomogeneity of soft tissue, we assume that this series of spring are nonlinear springs, each of which has stiffness ( s K ) different from each other. The relationship between the force and deformation of nonlinear spring is expressed as:
When the needle is inserted into tissue, the cutting force on the needle tip is taken as input and cause the needle to deflect in transversal and axial direction. However, because International Journal of Multimedia and Ubiquitous Engineering Vol. 10, No. 1 (2015) 212
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Figure 3. Model of Needle-tissue Interaction
The modeling of inserting a bevel-tipped needle into a soft tissue is discretized into a series of insertion steps, shown in Figure 4 . In each step, the insertion depth ( p ) is increased by l  and the additional deflection due to cutting force (
k2
Δl k is added at the needle tip (Figure 4(c) ). The displacement function of needle is assumed as 2 () vx , the slope function of needle is 2 () x  . Thus, the deflection of needle at the position
respectively. Spring 3 k is not compressed. Following steps are similar, until the final insertion depth is reached.
Methods
Upon the model of needle-tissue interaction, Rayleigh-Ritz method based on principle of minimum potential energy is used to predict the deflection.
Rayleigh-Ritz Method
As mentioned above, the needle is considered as a cantilever beam supported by a series of nonlinear spring; and the process of needle insertion is discretized into a series of insertion steps. The deflected needle shape at any step of insertion i is evaluated by minimizing the potential of the system. The system potential at step i is given as
where, Bi U is the energy associated with needle bending;
Si U denotes the elastic potential energy stored in the springs. While i W represents the work done by cutting force ( c F ).
Bending Energy
Bi U is the strain energy associated with transversal needle bending. At a certain step of insertion ( i ), the strain energy can be calculated with the beam theory as follows:
Where, n E is the Young's modulus of the needle, and I is the needle's second moment of inertia.
l is the length of the needle; () i vxis the displacement function of needle at the step of insertion ( i ).
Elastic Potential Energy in Springs
The elastic potential energy stored in a specified spring can be calculated by the difference in deflection between the current and previous needle deflection, thus the total energy is defined as the sum of the energies of all the individual springs. 
To simplify the calculations, it is assumed that
Work done by Cutting Force
The word done by cutting force c F is determined by the difference in tip deflection between adjacent two step of i and 1 i  :
Due to the changes in the slope of needle tip is small relative to the bevel angle, in order to simplify the calculation, we assume that So, the work done by cutting force at step of insertion ( i ) is
Realization of Rayleigh-Ritz Method
In this section, the realization of Rayleigh-Ritz method is presented which is used to predict the amount of needle deflection.
Displacement Function of Needle
In order to obtain the needle deflection using Rayleigh-Ritz method, an assumed displacement function has to be defined which satisfies the geometric boundary conditions of the system. According to the knowledge of material mechanics, we select a third-order polynomial as the displacement function of needle, which is 23
The slope function of the needle is calculated by 
Solving of Cutting Force
According to formula (18), the horizontal tip force cx F is required in order to estimate needle deflection. To solve this, the process of needle insertion is regarded as quasi-static process. And at a given instant in time during insertion, the forces along the X-direction can be expressed as
Obviously, the cutting force The amount of friction force can be measured through experiment. We can use a robot to insert a needle with symmetrical tip into a soft tissue, and then the needle exits from the tissue by the same velocity of insertion. Since there is no cutting force and no bending during needle exit from tissue, the exiting force, which can be recorded by a force sensor mounted on the base of needle, is taken as the friction force.
Determination of Spring Stiffness
According to the analysis in sub Section 2.1, the component in X-direction of cutting force on needle tip at the step of insertion i can be calculated by 
The stiffness of each spring is calculated by 
Experiments and Results
Needle insertion experiments are performed using a stainless steel needle with a bevel angle of 23°, diameter of 1.65mm, length of 170mm and Young's modulus of 200 Gpa. Agar is used as a phantom of soft tissue. The needle is inserted at the velocity of 5 mm/s. Figure 5 shows the curves of insertion force and friction force versus insertion depth. Since the friction force is measured through exiting straightly from tissue, the friction force per unit needle length f f is equal to the slope of the friction force curve in Figure 5 . It should be noted that, at the beginning of needle exit, the error of friction will increase because of the vibration of motor, shown as the friction force relative to insertion depth of 85 to 90mm, which is ignored. The calculated value e of f f is 0.01206 N/mm. It can be seen from Figure 6 that the optimal value for distance l  is 3.9mm; the corresponding average error is 0.1281mm，and the corresponding stiffness of spring is shown in Figure 7 . Obviously it is not constant.
In Figure 8 , the simulated deflection is compared with the experimental deflection with 
Conclusions
(1) Needle-tissue interaction was modeled as a cantilever beam supported by a series of nonlinear springs each of which has stiffness different from each other. The stiffness was calculated through modeling the cutting force on the needle tip. The cutting force was extracted by subtracting the friction force from the insertion force.
(2) Based on the model of cantilever beam supported by a series of nonlinear springs, Rayleigh-Ritz method was used to predict the amount of needle deflection. Simulated needle deflection was compared to experimental needle deflection. It is found that the average error between simulated and experimental needle deflection is minimum when l  is 3.9 mm, correspondingly, the maximum of absolute error is only 0.2549 mm. The results indicate that nonlinear spring and variable stiffness are more consistent with the nonlinearity and imhomogeneity of soft tissue.
